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SUMMARY
Research on speed-flow-density relationships usually focuses on homogeneous road segments. This
article aims at exploring these at the macro setting of a road network based on time series observations
collected from various measurement sites (spatial time series). For that purpose, we use tools from
spatial statistics/econometrics, namely dynamic equilibrium correction models in space and time. Such
models not only reproduce a static equation under stationary conditions but also depict short-term
dynamics (i.e. equilibrium’s speed of adjustment). Moreover, the road network’s topology is incorporated
in the modeling stage through specification of a weighting matrix. The adopted methodology is illustrated
through the investigation of the flow-occupancy relationship in space and time. In the application that is
very briefly presented due to space constraints, we use an extensive data set that corresponds to one
months’ data, collected from major arterials of the road network of Athens, Greece.
KEYWORDS: Bivariate traffic relations , traffic flows, space-time modelling, equilibrium correction
models

INTRODUCTION
It is well accepted that distinct roadways accommodate different levels and patterns of vehicular flow,
by virtue of their design. Traffic flow is described in terms of three parameters: the mean speed υ, the
traffic flow rate q, and the traffic density k. The functional relationship between these three parameters is
called Fundamental Diagram. The equilibrium relationship that associates them is q= υ k. Accordingly,
the fundamental diagram is defined clearly if a function between two of the three parameters is defined.
Since the bivariate functional relations between q, υ and k are directly related to the important problem of
estimation of road capacity, research on these issues dates back to Schaar (1925).
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Two general approaches for stating speed-flow-density relationships may be distinguished. The
classical approach has been a purely mathematical one. Firstly, an analytical expression containing
several parameters is proposed and then the values of these parameters are estimated by fitting the
expressions to traffic data. Finally, an interpretation of the parameters in terms of properties of traffic
flow is sought, in order to provide the analytical expression with a phenomenological meaning. The
famous speed–density models of Greenshields (1935), Greenberg (1959), Underwood (1961) and Drake
(1967) have been derived in such a manner.
The second approach that may be called phenomenological or behavioural is based on assumptions
about the driver behaviour with respect to some traffic variables. The early procedures for estimating the
capacity and those derived from car-following models belong to this approach. For some recent studies of
that kind, the reader is referred to Kockelman (1998, 2001). Del Castillo and Benitez (1995a, 1995b)
presented a methodology that combines both general approaches in a study of the speed density
relationship.
In contrast to the previously mentioned approaches that investigate the q-υ-k bivariate functional
forms in homogeneous road segments, the methods presented in this paper can be applied in a larger scale
that allows inference even for a whole road network. Based on the existing amount of traffic flow data
which nowadays is large and of good quality, the models developed here are purely statistical and do not
incorporate theoretical rationales like hydrodynamic, car following, etc. That is, instead of building a
theoretical framework and then test it empirically with real world data (a significant amount of such
research has been proven to encounter severe limitations), we let data to speak-up first and play a more
decisive role in the modelling process.
Traffic measurements are most usually collected from loop detectors that provide data at constant
time intervals. Consequently, datasets that reveal traffic conditions are in the form of spatial time series.
For datasets of that kind one is interested in estimating multivariable relationships in space and time; that
is detecting possible equilibria between traffic variables and estimating how fast the equilibria are
approached after a shock (short run dynamics). Under the assumption that a sufficiently large number of
measurement sites exist at the network under study so that the researcher is allowed to ignore potential
inferential biases due to their position, inferences of that kind can be achieved via Dynamic Space Time
models and their equilibrium correction formulation. Thus, this research presents a modeling strategy that
allows for the examination of
• Long-term traffic flow dynamics for the whole network: The equilibrium relationships between υ- q,
υ- k and/or q-k in the road network.
• Short-term dynamics of the network: How fast the network’s equilibrium is approached after a shock.
• Long-term dynamics for each measurement location: Location specific equilibria.
• Short-term dynamics for each measurement location: How fast the location-specific equilibrium is
approached after a shock in this location or how fast the location-specific equilibrium is approached
after a shock in a neighbouring location.
The next section presents basic issues regarding space-time models, like their formulation, the weight
matrices that represent the road networks’ topology and their equilibrium correction form that allows for
very useful conjectures in the context of transportation problems35. The final section, due to space
constraints, contains only a summary of our detailed numerical illustration; the proposed methods are
performed on a month’s data taken from eleven loops located at major arterials of the city of Athens.

35

The interested reader will find more technical details in Kamarianakis and Prastacos (2004) and in
Elhorst (2001).

466

DYNAMIC SPACE-TIME MODELS AND THEIR EQUILIBRIUM CORRECTION
FORMULATION FOR BIVARIATE TRAFFIC RELATIONS
The general first-order model

Past and present observations of traffic variables in the whole network can be related via a dynamic
model in space and time. One may encounter such models in the econometrics literature as “serial and
spatial autoregressive distributed lag models”. The interested reader can find an introduction to
distributed lag models at Greene (1993). Elhorst (2001) presents a detailed treatment of first order
Dynamic Space-Time models and their equilibrium correction formulation. For the moment, we also
consider first order models, which relate present observations to the instant past. Considered in vector
form for a cross-section of observations at time t the general model is of the below shown form:
(1)
y t = αy t −1 + β 0Wy t + β 1Wy t −1 + γ 0 xt + γ 1 xt −1 + δ 0Wxt + δ 1Wxt −1 + ε t .
A variable with subscript t-1 denotes its serially lagged value, and a variable pre-multiplied by W
denotes its spatially lagged value. yt denotes a n × 1 vector consisting of one observation of the dependent
variable for every measurement location (i=1,..,n) at time t; xt denotes a n × 1 vector of the explanatory
variable (for reasons of simplicity, only one regressor is considered at the moment).
α , β 0 , β 1 , γ 0 , γ 1 , δ 0 , δ 1 are the response parameters and ε t is a n × 1 normally distributed vector

containing the error terms with E (ε t ) = 0 and E(ε tε t′ ) = σ 2 I n . W = {wij : ∀i, j = 1,..., n, wij ≥ 0} denotes an n× n
matrix describing causality relations related to the spatial arrangement of the measurement locations.
Thus, wij > 0 reflects that a change in traffic conditions close to i is expected to affect traffic conditions

close to j. Since no measurement location can be viewed as a neighbour of itself, weight matrices have
zero diagonal elements. We put more emphasis on the different forms that a spatial weight matrix can
take, in the next subsection.
The general model depicted in (1) relates current observations of let’s say average speed at site i to
the immediately previous ones taken from that location, to current and previous linear combinations (that
are explicitly defined through the rows of the weight matrix) of measurements that correspond to
neighboring sites, to past and current observations of let’s say average density at site i, and to past and
current combinations of densities that correspond to neighboring sites. The plausibility of the proposed
model is straightforward but it should be underlined that because of multicollinearities36 it is not possible
to estimate the general form accurately; one should estimate suitable sub-models in order to make
inference. For example, it should be expected that both terms corresponding to spatially weighted
densities to be highly correlated with current and past observations of densities; if this is confirmed, then
the two pairs of variables should drop out of the model.
The spatial weight matrix

Weight matrices like the one in equation (1) have been implicitly assumed in short term traffic
forecasting models. In studies of that kind, measurements taken from upstream measurement locations
(only) are supposed to have explanatory power for the ones taken from downstream sites thus resulting to
the implicit adoption of a lower diagonal weight matrix (see for example Stathopoulos and Karlaftis,
2003). Kamarianakis and Prastacos (2002, 2003) have explicitly assumed such a matrix while using
Space-Time ARIMA methods for short-term forecasting in urban networks. To clarify things, we present
part of a hypothetical network and the weight matrix that corresponds to equal weights to nearest

36

Multicollinearity appears when the explanatory variables in a regression model are too highly
intercorrelated to allow precise analysis of their individual effects. The interested reader may consult
Greene (1997) chapter 9 for this issue.
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neighbours37. In figure 1 one may recognize the tree structure of a road network; dots represent
measurement locations and arrows the direction of flow.
1

2

3

4 5

1⎡ 0 0 0 0
2 ⎢⎢ 0 0 0 0
3⎢ 0 0 0 0
⎢
4⎢ 0 0 0 0
5⎢ 0 0 0 0
⎢
6 ⎢0.33 0.33 0.33 0
W1 = 7 ⎢ 0 0 0 0.5
⎢
8⎢ 0 0 0 0
9⎢ 0 0 0 0
⎢
10⎢ 0 0 0 0
⎢
11⎢ 0 0 0 0
12⎢ 0 0 0 0
⎢
13⎣ 0 0 0 0

6 7

8 9

10 11 12 13

0 0 0 0 0 0 0 0 0⎤
0 0 0 0 0 0 0 0 0⎥⎥
0 0 0 0 0 0 0 0 0⎥
⎥
0 0 0 0 0 0 0 0 0⎥
0 0 0 0 0 0 0 0 0⎥
⎥
0 0 0 0 0 0 0 0 0⎥
0.5 0 0 0 0 0 0 0 0⎥
⎥
0 0.5 0.5 0 0 0 0 0 0⎥
0 0 0 0 0 0 0 0 0⎥
⎥
0 0 0 0.5 0.5 0 0 0 0⎥
⎥
0 0 0 0 0 0 0 0 0⎥
0 0 0 0 0 0.5 0.5 0 0⎥
⎥
0 0 0 0 0 0 0 1 0⎦

Figure 1. Measurement locations at a road network and the spatial weight matrix that corresponds to
equal weights for nearest upstream neighbours.
It is important to keep in mind that all subsequent analyses are conditional upon the choice of the
spatial weight matrix and that there are plenty of choices for its form. For example, a researcher may drop
the assumption that only upstream locations are causal to downstream ones and take the k-nearest
neighbours, or the neighbours that lie at a predefined distance regardless of being upstream or
downstream. Another option that seems rational when urban networks are under investigation is the
adoption of two weight matrices; one that corresponds to upstream causalities and one for downstream
ones. Such matrices can be part of a threshold autoregressive model where traffic conditions are divided
into homogeneous regimes. Hence, one will be able to estimate the relative explanatory power of
upstream/downstream locations to the traffic conditions of a reference location.
As noted in the previous subsection, one strategy is to assign equal weights to all neighbours of a
measurement location, considering that the useful information on the evolution of our response given
from its neighbours is of equal quantity across them; a second approach is to assign weights proportional
to inverse distance, treating favourably the closer neighbours. For forecasting applications, weights can
be proportional to the cross-correlations of measurements that correspond to different locations. Nonzero
elements of each row will correspond to coefficients of a vector autoregressive model where the vector
contains measurements from the reference site and all its “neighbours”. We should finally note that in the
vast majority of spatial modelling applications, rows of the spatial weight matrix are standardized to sum
to one.
The equilibrium correction formulation

Let’s start from the first order serial autoregressive distributed lag model (a sub-model of (1) with no
spatial dependencies)
yt = ayt −1 + γ 0 xt + γ 1 xt −1 + ε t
(2)
which can be equivalently reformulated as
γ + γ1
γ
1
α
(3)
yt = −
∆y t + 0
x t − 1 ∆x t +
ε t = aˆ∆y t + bˆxt + cˆ∆xt + u t .
1−α
1−α
1−α
1−α
Now short-run dynamics have been added to the static equation. That is equation 3 not only contains
the static long run equilibrium relationship between y and x in the whole network; short-run dynamics of
how equilibrium is approached are explicitly taken into account. b̂ reflects the long-run effect of y with
respect to x, while ĉ reflects the short-run immediate response of y to a change in x.
37

Alternatively weights could be proportional to inverse distance from the reference location.
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Long-run dynamics of each location’s equilibria while taking into account their spatial arrangement
within the network are given after reformulating the equation
y t = αWyt + βxt + γWxt + ε t

to

[

(4)

]

y t = β (I N − αW ) + γ (I N − αW ) W xt + u t .
(5)
Via this formulation, observations from a measurement site are not only influenced by its local
conditions, but also by those of its neighbours depending on the structure of the spatial weight matrix.
Furthermore, the impact of these conditions is not necessarily uniform across spatial units.
−1

−1

In order to assess both (spatially dependent) long and short-term dynamics for each location one has to manipulate
the general first order equation 1 to take the form

(I − αL − β 0W − β1W )yt

= −(α + β1W )∆yt + (γ 0 + γ 1 )xt + (δ 0 + δ 1 )Wxt − γ 1∆xt − δ 1W∆xt + ε t . (6)
This equation entails a static equilibrium relation between y and x and describes how this equilibrium
is approached after a change on the levels of the explanatory not only at the location of interest, but at
neighbouring influential locations as well.

In order to illustrate equilibrium correction modelling we present a simple example. Following
Greene (1993), we examine the relation between flow and occupancy at a single location. Empirical
findings suggest that a linear model of squared occupancies on flows fits observed data quite well. Let

yt

stand for observed flows at time t and

xt

for squared occupancies. If the level of

xt has

been

unchanged for many periods prior to t, the equilibrium value of E [ y t ] (assuming it exists) will be
∞

∞

i =0

i =1

y = a + ∑ βi x = a + x∑ βi

(7)

where x is the permanent value of x t . For this to be finite, we must have

∞

∑ βi

< ∞ . Consider now the

i =0

effect of a ten percent change in x occurring in period s. Prior to the shock in occupancies, flows had
reached an equilibrium. The path to the new equilibrium might appear as shown in figure 2. The short-run
effect is that which occurs in the same period as the change in x . This is β 0 in the figure; it is called
short-run multiplier. The differences between the old equilibrium D0 and the new one D1, is the sum of
∞

individual period effects. That is the total effect equals β = ∑ β i ; β is called equilibrium multiplier.
ι =0

Figure 2. Lagged adjustment of traffic flow equilibria.
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THE APPLICATION
The study area and the data analyzed

The urban area of Athens, the capital of Greece, has an area of 60 km2 and a population of
approximately four million people. Total daily demand for travel is about 5.5 million trips with about 1
million occurring during the 2-hour peak period. A set of 88 loop detectors has been installed by the
Ministry of Environment and Public Works at major roads of the Athens network to measure traffic
volume and road occupancy. Measurements take place every 90 seconds and are immediately transmitted
to the Urban Traffic Control Center where they are used by the Siemens MIGRA traffic control system to
adjust street lights timing and also stored in databases for further analysis (see Kotzinos, 2001). An
indicator of data quality ranging from 1 to 3 is transmitted as well since often electronic or system failures
result in measurements that might not be accurate.
The dataset used for the illustration of the methodology consists of observations that correspond to
eleven loop detectors (figure 3). For all loops, traffic direction is towards the center of the city38. A typical
period –in terms of traffic- was selected to be studied: from February 11 2002, to March 10, 2002.
Observations corresponding to weekends were discarded since traffic flow patterns differ significantly
these days. The initial dataset contained a time series of 21210 observations for every loop detector. To
ease implementation and smooth out noise, averages over five consecutive 90-second intervals were
taken, thus resulting in a total of 4242 observations per detector, 192 measurements per day for each loop.
Observations from loop detector seven are depicted at figure 4. One firstly observes a sinusoidal
pattern in both volumes and occupancies with a lower part that corresponds to morning until afternoon
when congestion occurs and an upper part that corresponds to the night hours. There is also a sign of
dependence between the level of relative velocities and their variation. These findings hold in general for
every measurement location of our study.

Figure 3. Loop detectors at the Athens road network. The ones used in this study are highlighted with
different colour and a label.

38

The total number of loops located at streets with direction towards the center of Athens is thirty six.
Twenty five of them provided data of high quality at the period of our study; the eleven loops we use are
a subset of these twenty five.
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Figure 4. Evolution of volumes and densities through time for loop detector 7
A summary of the model fitting procedure

Due to space constraints we present only a brief overview of the modelling stage; the interested
reader will find more details in Kamarianakis and Prastacos (2004). The first step of our analysis was to
investigate the flow occupancy relationship for each loop detector separately. Seeking for an optimal
linear model that best describes the relation, we applied the nonparametric method proposed by Young
et al. (1976)39 and the classic parametric one proposed by Box-Cox (1964). Essentially, these methods
seek for optimal transformations that need to be applied to a pair of variables so that their relationship
becomes linear – the Box-Cox method has an additional good feature: it homogenizes variance. For all
loops, we observed that a polynomial of third order on occupancies is better suited to express observed
traffic volumes (see figures 5 and 6). The most important observations of this stage were the very
satisfactory fit of the third order polynomial curves to the observed flow-occupancy relationships, the
closeness of the polynomial regresssions’ R2 to the maximum R2 that can be achieved from a
nonparametric transformation, and the similarity of the regression coefficients for loops located at the
same road. Tables containing full results can be found in Kamarianakis and Prastacos (2004).

Figure 5. Transformations that linearize the relationship between volumes and occupancies.

39

SAS/STAT PROC TRANSREG (Morals algorithm) used on that purpose.
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Figure 6. Occupancy-Volume scatterplots and third-order regression curves for four loops of the study.

The first step of the space-time modelling stage was the construction of a weight matrix that reflects
causality relations in the set of the eleven loops of the study. To make analysis simpler, we adopted the
hypothesis of “upstream causality”; that is traffic conditions at upstream locations are causal to what we
observe downstream and not vice-versa.40 For comparative purposes, we constructed two spatial weight
matrices; the first contained only the nearest upstream neighbours for loops 4, 7, 12, 14 and 16 whereas at
the second all upstream neighbours were equally weighted (figure 7). Each pair of spatial lags of volumes
and occupancies – (W1 yt ,W2 yt ), (W1xt ,W2 xt ) - contained almost perfectly correlated variables (Pearson
correlation >0.97 for both cases) and because of that, modelling results were practically the same with
either matrix. The modelling results presented next, correspond to the choice of the first weight matrix.
At the previous subsection, when data modeling took place for each detector separately, we
mentioned that volumes can be well expressed as third order polynomials of occupancies. In the “pooledloop” case where we examine models of the form
y t = a + bxt + ε t

(10)

y ,x
and t t are vectors of observations at time t corresponding to a set of loops, this is not the case. Due to
high correlation (Pearson’s r >0.95) between pooled occupancies and pooled square occupancies and
much higher correlation of occupancies with volumes (Pearson’s r =0.45) than with squared occupancies
(Pearson’s r =0.29) one should estimate models (1), (2), (4) with occupancies as the explanatory variable
and not with squared occupancies or both.

40

“Downstream causality” is expected to hold when traffic is at the stage of congestion. One may
estimate the explanatory power of upstream versus downstream locations for a reference site at different
states of traffic, via adopting two weight matrices (one for upstream and one for downstream locations)
and a regime switching methodology.
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Figure 7. The two weight matrices used

To assess long and short run dynamics for the whole network, one has to estimate equation (2).
However, occupancies and serially lagged occupancies are so correlated (Pearson’s r >0.97) that the
specified regression model (2) would be susceptible to multicollinearity symptoms; the most important of
these is that small changes in the data can produce large swings in the parameter estimates. There is no
problem however for direct estimation of a modification of the last part of equation (3) via maximum
likelihood41.
y t = µˆ + aˆ∆y t + bˆxt + cˆ∆xt + ε t .
(11)
The inclusion of the statistically significant constant term has a significant effect on the estimates of
the long and short-run estimates of the effect of a change in occupancies. One should also note the better
fit accomplished by model (11) as depicted by the SBC and AIC statistics and the standard error
estimate.42 Tables with full results can be found in Kamarianakis and Prastacos (2004).
Suppose our estimates were obtained from a large dataset of loop detectors that represents unbiasedly
the traffic conditions of the network under study and a researcher wants to have an idea on the long and
short term volume-occupancy dynamics at a location far from any detector. Using the estimated
coefficients one can estimate these dynamics supposing essentially that the unknown location is an
“average” one in terms of traffic conditions.
We continue with the direct estimation of model (4) via maximum likelihood. This model illustrates
the equilibrium dynamics of all studied locations while accounting for their dependencies with other parts
of the network, as denoted by the spatial weight matrix. Suppose average occupancies are expected to
change at a particular location close to a loop (let’s say due to constructions). This model provides
estimates of the (average) volumes at locations affected by that change. The presence of a constant term
improved again model fit significantly. Thus the estimated equation was of the below shown form
y t = µ + αWy t + βxt + γWxt + ε t .
(13)
Again, the reader will find tables containing full results in Kamarianakis and Prastacos (2004).
Directions for further research

Traffic variables are characterized by a periodic pattern. A next step in this research should be the
adoption of a regime switching methodology that allows for different long and short-term dynamics when
traffic conditions fall into different regimes. We should finally note that special forms of the proposed
models –the ones with no contemporaneous spatio-temporal dependencies- can be used for short-term
41

Marquardt’s algorithm used on that purpose.
The Swartz Bayesian Criterion (SBC) and Akaike’s Information Criterion (AIC) are penalized
likelihood statistics that indicate model fit. The less their value the better model fit is. The standard error
estimate at the last column of table 2 corresponds to the square root of the residual variance.

42
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forecasting. A general first order model that can be used for that purpose comes from a modification of
equation (1)
y t = αy t −1 + β 1Wy t −1 + γ 1 xt −1 + δ 1Wxt −1 + ε t
(14)
and it is straightforward to define higher order models. The main advantage of this approach in short term
traffic forecasting is that one uses a single model to forecast observations taken from various locations.
There is a clear resemblance of equation (8) and the Space Time Arima models used by Kamarianakis and
Prastacos (2002, 2003).
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